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SANDWICHES

Suppose you have two 1's, two 2's and two 3's.
1 1 \ 33 Arrange these six digits in a list so that:
i between the two 1's there is one digit giving 171,
between the two 2's there are two digits giving 2?72,
between the two 3's there are three digits giving 3?7773.
Can you do the same if you only have 1's and 2's? Explain your answer.

Can you do the same if you include two four's, and between the two 4's there are four digits?

The illustration shows a 7-sandwich using the pairs of all the whole numbers from 1 to 7.

7 1 3 1 6 7 2 4 6 2 5 Can you make another 7 sandwich?

For some values of n it is possible to make n-sandwiches using pairs of every positive integer from 1
to n, and arranging the list according to the rules given above, and for other values of n it is not
possible. The big challenge is to find when it is and when it is not possible.

HELP

You may want to stop with n=4.

NEXT

The process of working systematically through all possible cases can be tedious and time
consuming. This is where discussion of the best systematic approach, and sharing the work of
searching for solutions and checking, offers a valuable learning experience. Such work prepares
learners for using computers in problem solving, not just in mathematics but also in other fields.

In order to construct a computer program you have first to plan a systematic approach to the
problem. Another extension could be to write a computer program to find solutions and to test
which values of n yield n-sandwiches.

Finally, there is a method of proving that for certain values of n it
The alternate colours are the key is impossible to make n-sandwiches. The argument is simple and

to the proof that for some values ofn | reqyiires only very elementary mathematics. The proof falls into
you can make n-sandwiches and | 10 1 Aha' category - once you see it, it seems obvious and

osous palesptntis mpossbls amazingly simple, but the choice of method called for real

71316435724625 | inspiration in the first place. The picture gives a clue, can you

think of a proof?




7-sandwiches

D

2)

1 7125623475364
1 7126425374635
1 6172452634753
1 5167245236473
1 4156742352637
14167 3452362735
1 61 35743¢625427
1 5173465324726
1 5163745326427
1 51467 35423¢627
51 716254237643
41 7164253276335
4 16174352¢632735
71316 43572467235
71416 3547326352
6 1517346532472
461 714526327353
73 1613457264235
461 7143562377235
561 71354632742
7415164375236 2
5714165347236 2
367 13145¢6274725
574161543726 32
26 7215146373543
4567 14153627372
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There are mirror images of each of these sol




NOTES FOR TEACHERS

SOLUTION
3-sandwiches: 312132 and its mirror image 231213

You cannot make 2-sandwiches with only ones and twos, because between the two twos there
must be two digits, which have to be ones as these are the only available digits, but that means that
between the two ones there are no digits, so this is not possible.

4-sandwiches: The only 4-sandwiches are 41312432 (and its mirror image).
7-sandwiches: There are altogether 26 (and their mirror images).

There are no 5-sandwiches and no 6-sandwiches.

8-sandwiches: There are altogether 150 of these (and their mirror images).

See the Follow Up on pages 4 and 5 for a simple proof that n-sandwiches can only be made when
n=4m or n=4m-1 (for integers n and m). For example solutions do not exist for n=5 or n=6 but
solutions do exist for n=7 (4x2 -1) and n = 8 (4x2).

There are no n-sandwiches for n=1, 2, 5, 6 or 9 or any number that leaves a remainder of 1 or 2
when divided by 4.

Why do this activity?

The Sandwiches Problem offers a challenge for everyone at all levels. It is valuable in primary
schools because it gives young learners an opportunity to work out a proof and to explain it. They
can find the solution for the 3-sandwich (consisting of 1's, 2's and 3's) and discover that it is
impossible for the 2-sandwich. Even very young learners can explain why (prove that) it is
impossible to find a solution for the 2-sandwich. You may decide to stop at 3-sandwiches or try to
find 4-sandwiches as well.

At upper primary and lower secondary level, as there are many solutions in the case of 7-sandwiches
and 8-sandwiches, the problem provides an opportunity for many individual learners to have success
in discovering their very own solution, different to any that have already been found.

Having investigated 2, 3, 4 and 7-sandwiches, if learners in your class have been encouraged to ask
"What if..." and look for generalisations, the natural question is "What about 5-sandwiches and 6
sandwiches?"

The experience of learning to think mathematically offered by this problem is equally valuable to
learners in upper secondary school.

Learning objectives
In doing this activity students will have an opportunity to:

e practise pattern recognition and be able to search systematically for arrangements of sets of
numbers that obey the rules for the pattern.
e give a reasoned explanation of why it is impossible to make the pattern for n=2



Generic competences

In doing this activity students will have an opportunity to:

e think mathematically, reason logically and give explanations and proofs;

e work in a team using a systematic method so as to share the workload:

e communicate in writing, speaking and listening:
o exchange ideas, criticise, and present information and ideas to others
o analyze, reason and record ideas effectively.

Suggestions for teaching
It is helpful, particularly for young learners, to have digits to rearrange (either plastic or simply
written on paper or card).

It is a good idea to have a 'Challenge-Chart' on the classroom wall where new solutions can be
written up as people discover them.

As there are altogether 26 solutions for n=7, this problem calls for you to work systematically in
order to find them all.

Key questions
e What sandwiches can you make?

e (Can you make 2-sandwiches and if not why not?

e Are any sandwiches the same looked at in different ways?

e [s it possible to make 5-sandwiches?

e For which values of n can n-sandwiches be made and for which values of n is it impossible?
e Why?

Follow up

Study the proof below and try to explain it to someone else.

Impossible Sandwiches
Article by Adam Huby and Paul Cockayne

This delightful, simple and completely general proof about when solutions exist and when they do
not exist was contributed by Alan Parr from his games magazine 'Hopscotch'.

The Sandwiches problem is adapted from the NRICH task of the same name published in September
1997, with permission of the University of Cambridge. All rights reserved. You may like to study the
other solutions in the NRICH Archive contributed by school students.

Here is the puzzle again:

Suppose you have two 1s, two 2s and two 3s. Arrange these six digits in a list so that:
between the two 1s there is one digit giving 1?1,

between the two 2s there are two digits giving 2772,

and between the two 3s there are three digits giving 37773.

Can you do the same if you only have 1s and 2s? Explain your answer.



Can you do the same if you include two fours, and between the two 4s there are four digits?
Here is a solution using Ss, 6s and 7s as well: 71316435724625. Find other solutions with all these
digits.

Here is Adam Huby and Paul Cockayne's stunningly simple proof that solutions only exist for n=4m
or n=4m-1.... To make the terminology a bit simpler, colour digits in the "solution number" or
"sandwich", alternately red and blue:.

71316435724625

Then all odd numbers in the solution number will be either both red or both blue. Even numbers will
always be one red, one blue. Since the final solution contains an equal number of red and blue digits,
the problem is only soluble if we have an even number of odd numbers.

The only n-sandwiches which have an even number of odd numbers are those where n is a multiple
of 4 or 1 less than a multiple of 4. (For example 9-sandwiches don't exist because if they did they
would contain 1s, 3s, 5s, 7s and 9s)

Obvious, isn't it?

Finally, just to prove that he had done it, Adam Huby gave the following solution for n = 67.

67 65 66 62 60 64 57 63 54 52 61 4947 59 44 58 41 39 56 36 55333053 2624512050594810
12465457343942310407 12382037242635303433363941444749 525457606265
67 66 64 63 61 59 58 56 5553 515048 464543424038373534322931282523212718613
118224261924178161113141518212325292832312722191716141151

Note: The Grades or School Years specified on the AIMING HIGH Website correspond to Grades 4 to 12 in South Africa and the
USA, to Years 4 to 12 in the UK and up to Secondary 5 in East Africa. New material will be added for Secondary 6.

For resources for teaching A level mathematics see https://nrich.maths.org/12339

Note: The mathematics taught in Year 13 (UK) and Secondary 6 (East Africa) is beyond the school curriculum for Grade 12 SA.

Lower Primary Upper Primary Lower Secondary Upper Secondary

or Foundation Phase

Age 5109 Age9to 1l Age 11to 14 Age 15+
South Africa | Grades R and 1 to 3 Grades 4 to 6 Grades 7 to 9 Grades 10 to 12
USA Kindergarten and G1 to 3 Grades 4 to 6 Grades 7 to 9 Grades 10to 12
UK Reception and Years 1to 3 | Years 4 to 6 Years 7to 9 Years 10to 13
East Africa | Nursery and Primary 1to 3 | Primary 4 to 6 Secondary 1to 3 Secondary 4 to 6




