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PASCAL’S TRIANGLE AND FRACTAL PATTERNS 
Can	you	discover	the	rule	for	filling	
numbers	in	the	hexagons?		
Continue	the	pattern	using	the	
same	rule.	If	you	get	it	right	the	
bottom	row	will	start	1,	9,	36,	84,	…	
Shade	the	hexagons,	all	in	one	
colour,	where	the	number	inside	is	
even.	Using	a	contrasting	colour,	
shade	the	hexagons	where	the	
number	inside	is	odd.	
What	do	you	see?	
Can	you	see	a	way	to	do	this	
without	having	to	do	any	
arithmetic?	
	

As	a	class	project,	on	a	large	grid	with	21	rows,	fill	in	the	Pascal’s	triangle	pattern	of	
numbers.	Shade	the	odd	numbers.	What	do	you	notice	about	the	pattern	of	colours?	
On	another	21-row	grid	colour	in	all	the	multiples	of	3.	Repeat	on	other	grids,	
colouring	the	multiples	of	5,	then	7,	then	9,	…	
What	do	you	notice?		Have	you	seen	these	patterns	before?	
What	happens	if	you	look	at	multiples	of	2,	4,	…	?	
Although	this	triangle,	and	the	patterns	associated	with	it,	were	known	long	before	
Pascal’s	time,	it	is	called	Pascal’s	triangle.	It	is	very	important	in	algebra	and	
probability	theory	so	it’s	useful	to	get	to	know	it’s	properties.	You	may	see	nCr	on	one	
of	the	buttons	on	your	calculator;	this	gives	the	numbers	on	Pascal’s	triangle.	
	

HELP			
Each	row	of	numbers	in	the	triangle	is	formed	from	the	numbers	in	the	row	above.		
Looking	at	the	first	5	rows,	together	with	the	information	that	the	10th	row	starts											
1,	9,	36,	84,	…		should	help.	Talk	about	the	rule	for	filling	in	the	numbers	with	other	
people	and	see	if	you	can	spot	the	connection	with	each	row	of	numbers	and	the	row	
below	it.																					
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NEXT  
(1) Work	out	(1+x)0,	(1+x)1,	(1+x)2,	(1+x)3,	(1+x)4	and	(1+x)5.	Look	at	the	coefficients	of	the	

different	powers	of	x. These	are	called	Binomial	Coefficients.		Compare	these	coefficients	
with	the	numbers	in	Pascal’s	Triangle.		
Can	you	explain	the	connection	between	the	process	of	multiplying	out	the	expansions	of	
(1+x)n	for	n	=	0,	1,	2,	3,	4	and	5	and	the	rule	for	entering	numbers	in	Pascal’s	triangle?		
	

(2) Investigate	the	connection	with	probability	by	finding	the	number	of	ways	you	can	select	
a	sample	from	a	given	population.	For	example:	“How	many	ways	can	you	select	a	sample	
of	1	item	from	a	set	of	5	items?”		”What	about	a	sample	of	2	items?”		and	“How	many	ways	
can	you	select	samples	of	1,	2	and	3	items	from	a	set	of	9	items?”	Try	some	other	cases.	

Note:	These	extension	topics	are	included	in	the	school	maths	curriculum	in	some	countries	but	
not	in	others.	
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NOTES FOR TEACHERS 
SOLUTION 

	
NEXT (1)	For	older	learners,	compare	the	numbers	in	each	row	of	this	pattern	to	the	coefficients	in	
the	following	expansions.	Explain	how	by	multiplying	each	expression	by	(1	+	x)	coefficients	are	
added	to	give	the	coefficient	in	the	next	expansion.	

(" + $)! = "	
(" + $)" = " + $	

(" + $)# = " + '$ +	$# 	
(" + $)$ = " + )$ +	)$# + $$ 	

(" + $)% = " + *$ +	+$# + *$$ + $% 	
(" + $)& = " + ,$ +	"-$# + "-$$ + ,$% + $& 	

(" + $)' = ." + ,$ +	"-$# + "-$$ + ,$% + $&/(" + $)	
= 	" + +$ +	",$# + '-$$ + ",$% + +$& + $' 	

NEXT	(2)	Investigate	the	connection	with	probability	by	finding	the	number	of	ways	you	can	
select	a	sample	from	a	given	population.	For	example:		
From	a	set	of	5	items	you	can	select	a	sample	of	1	item	in	5	ways.	To	select	a	sample	of	2	
items	from	a	set	of	5	items,	the	first	item	can	be	selected	on	5	ways	and	the	second	in	4	ways,	
but	each	selection	is	repeated	so	the	number	of	possible	samples	is	(5×4)/2	=	10.															
Notice	that	the	numbers	5	and	10	occur	in	the	row	1	-	5	-	10	-	5	–	1	of	Pascal’s	triangle.	
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From	a	set	of	9	items	you	can	select	a	sample	of	1	item	in	9	ways.	To	select	a	sample	of	2	
items	from	a	set	of	9	items,	the	first	item	can	be	selected	on	9	ways	and	the	second	in	8	ways	
but	each	selection	is	repeated	so	the	number	of	possible	samples	is	(9×8)/2	=	36.	To	select	a	
sample	of	3	items	from	a	set	of	9	items,	the	first	item	can	be	selected	on	9	ways	and	the	2nd	in	
8	ways	and	the	3rd	in	7	ways,	but	each	selection	is	repeated	6	times,	so	the	number	of	
possible	samples	is	(9×8×7)/(3×2)	=	84.	Notice	that	the	numbers	9,	36	and	84	occur	in	the	
row	1	-	9	-	36	-	84	–	126	–	126	–	84	–	36	–	9	–	1	of	Pascal’s	triangle	.	
		

Why do this activity? 
The	activity	gives	an	experience	of	seeing	the	beauty	of	mathematics	in	the	connections	
between	different	mathematical	topics	(fractals,	number	patterns,	binomial	coefficients).	It	
makes	a	good	class	project	and	the	class	could	make	an	attractive	wall	display.			

Learning objectives  
In	doing	this	activity	students	will	gain:	
• For	older	learners:	an	introduction	to	binomial	coefficients	and	their	use	in	the	Binomial	

Theorem	and	Probability.			
• For	younger	learners:	an	experience	of	working	with	number	patterns	and	seeing	

surprising	connections	between	different	mathematical	topics.		

DIAGNOSTIC ASSESSMENT	This	should	take	about	5–10	minutes.	
Write	the	question	on	the	board,	say	to	the	class:		
“Put	up	1	finger	if	you	think	the	answer	is	A,	2	fingers	for	B,	3	fingers	for	C	and	4	for	D”.	
1. Notice	how	the	learners	

respond.		Ask	a	learner	 who	
gave	answer	A	to	explain	 why	
he	or	she	gave	that	
answer.	DO	NOT	say	
whether	it	is	right	or	
wrong	but	simply	thank	 the	
learner	for	giving	the	
answer.		

2. It	is	important	for	
learners	to	explain	the	
reasons	for	their	
answers.	Putting	
thoughts	into	words	may	 help	
them	to	gain	better	
understanding	and	
improve	their	communication	skills.		

3. Then	do	the	same	for	answers	B,	C	and	D.	Try	to	make	sure	that	learners	listen	to	these	reasons	and	
try	to	decide	if	their	own	answer	was	right	or	wrong.	

4. Ask	the	class	to	vote	for	the	right	answer	by	putting	up	1,	2,	3	or	4	fingers.	Notice	if	there	is	a	change	
and	who	gave	right	and	wrong	answers.		

5. If	the	concept	is	needed	for	the	lesson	to	follow,	explain	the	right	answer	or	give	a	remedial	task.		

The	correct	answer	is	B:		
Possible	misconceptions:		
A. Learners have some understanding but omitted the 1’s 
C.  Multiplied 4x6 instead of adding.                                                                                          
D.  Omitted one of the numbers in the line.                                https://diagnosticquestions.com	 

 
 
 
 
 
 
 
 
 
 
 
 
                                           https://diagnosticquestions.com	
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Generic	competences	
In	doing	this	activity	students	will	have	an	opportunity	to	develop:	
• Teamwork skills and collaboration with a group to complete a task. 
• Perseverance. 
• Ability to work systematically. 

 

Suggestions for teaching 
Start	with	the	Diagnostic	Question	to	help	all	learners	in	the	class	to	complete	the	row	starting	
with	1,	5	…	and	to	help	the	learners	who	may	not	find	the	pattern	for	themselves	to	get	started.	
If	this	activity	is	introduced	in	connection	with	other	work	on	fractals,	then	learners	may	
recognise	the	Sierpinski	triangle	pattern.	If	not,	you	might	like	to	show	this	image	to	the	class	
and	ask	the	learners	what	they	notice.	Guide	a	discussion	about	similar	black	triangles	that	are	
reduced	at	each	stage	to	half	the	edge	length.	Ask	questions	about	the	white	triangles.	Explain	
how	the	pattern	grows	by	stages	where	you	see,	at	each	stage,	3	copies	of	the	pattern	at	the	
previous	stage.		

 
	
	
	
	
	
	
	

	
As	a	class	project	you	might	like	to	get	each	pair	of	learners	to	work	out	a	single	row	in	Pascal’s	
triangle.	To	do	this	first	print	the	image	on	page	3	and	then	carefully	cut	it	into	strips	row	by	
row.	There	is	no	need	to	make	a	zig-zag	cut,	just	cut	straight	across.	Then	give	one	strip	to	each	
pair	of	learners	and	ask	them	to	work	out	the	next	row	without	using	a	calculator.	Give	copies	
of	the	rows	with	the	bigger	numbers	to	two	pairs	of	learners,	then	pairs	can	check	their	
answers	with	another	pair.		
By	giving	the	longer	rows	with	bigger	numbers	to	the	more	able	learners,	and	the	rows	with	
smaller	numbers	to	the	learners	who	often	struggle	with	maths,	everyone	will	be	involved	and	
succeed	in	what	they	have	to	do.		
Then	each	pair	should	fill	in	the	numbers	from	their	row	onto	the	copy	of	the	21row	hexagonal	
grid	(page	4)	and	check	it.	Make	sure	everyone	uses	the	same	pen	for	writing	the	numbers.	

Explain	that	this	process	can	go	on	for	ever	with	
the	copies	getting	smaller	and	smaller.															
Also	explain	that	the	pattern	can	expand	
outwards	indefinitely.	For	example,	3	copies	of	
the	pattern	can	be	used	to	make	a	larger	pattern	
with	edge	lengths	doubled	and	this	process	can	be	
repeated	again	and	again.		
A	fractal	pattern	contains	within	itself	infinitely	
many	copies	of	itself	at	smaller	and	smaller	scales.		
The	patterns	illustrated	are	not	fractals,	only	
stages	in	the	development	of	a	fractal	produced	
by	repetition	of	the	same	process	again	and	again.	
This	fractal	is	called	a	Sierpinski	Triangle.		
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When	it	is	complete	you	(the	teacher)	will	need	to	make	photocopies	of	it	if	possible	so	that	
you	have	a	copy	for	shading	odd	numbers	and	other	copies	for	multiples	of	2,	3,	5,	7	and	9	and	
perhaps	4,	without	having	to	write	in	the	numbers	over	and	over	again.	It	is	useful	to	have	
spare	copies	that	can	be	used	if	learners	make	mistakes	with	the	colouring.	
Then	different	groups	of	learners	can	shade	in	the	different	multiples	on	different	copies	of	the	
hexagonal	grid	and	make	a	display	of	all	these	shaded	patterns.		
	

Key questions	
• What	do	you	notice?	
• Can	you	explain	how	the	pattern	of	numbers	changes	from	one	line	to	the	line	below?	
• What	shapes	can	you	see	when	the	multiples	are	coloured	in?	
• Have	you	seen	a	pattern	with	triangles	of	different	sizes	like	this	before?	
 

Follow up 
See	Sierpinski	Number	and	Shape	Patterns	on	the	AIMING	HIGH	website	
https://aiminghigh.aimssec.ac.za/grades-6-to-12-sierpinski-number-and-shape-patterns/		
 

Historical Note:                                  
 

Blaise	Pascal	(1623-1662)	was	a	great	French	mathematician.	He	
suffered	from	poor	health	throughout	his	life	and	died	before	his	40th	
birthday.	At	the	age	of	14	he	accompanied	his	father	to	the	weekly	
meetings	of	an	important	Paris	mathematical	circle	and	he	produced	an	
important	new	mathematical	theorem	when	he	was	only	16.	

 
By unknown; a copy of the painting of François II Quesnel,  

 made for Gérard Edelinck 1691 - Own work, CC BY 3.0,  

https://commons.wikimedia.org/w/index.php?curid=12193020  

When	he	was	18,	he	built	one	of	the	earliest	calculating	
machines	(forerunners	of	our	calculators)	to	help	his	father	
who	was	then	reorganising	the	collection	of	the	local	taxes.	
 
 

 
                                                                                                                                                                                             

The	Pascal	triangle	had	been	known	to	Arab	mathematicians	in	
the	11th	century	and	to	Chinese	mathematicians	in	the	13th	
century.	By	Pascal’s	time,	it	had	been	known	in	Europe	for	a	
hundred	years.	The	triangle	was	named	after	him	because	he	
wrote	a	formal	proof	of	the	relationship	between	coefficients	of	
the	different	binary	expansions.		
In	1654	the	Chevalier	de	Méré,	an	expert	gambler,	consulted	
Pascal	about	some	problems	connected	with	gambling	games	
(games	of	chance).	This	proved	to	be	connected	with	the	
triangle,	which	Pascal	knew	as	the	“arithmetic	triangle”	(le	
triangle	arithmétique).	Pascal’s	work	on	de	Méré’s	gambling	
problems	led	to	the	foundations	of	probability	theory,	an	
important	aspect	of	mathematics	today.	

By Rama, CC BY-SA 3.0 fr, 

https://commons.wikimedia.org/w/index.php?curid=53246694 

	

By Yáng Huī (楊輝), ca. 1238–1298)  

w:en:Image:Yanghui_triangle.gif, Public Domain,  

https://commons.wikimedia.org/w/index.php?curid=1189650  


