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1 Introduction

The game of NIM is a game for two players and the rules are as follows. The players start
with a number of piles of stones. The first player removes at least one, and possibly all, of
the stones from one (and only one) pile. The second player does the same, then the first
player plays again, and so on. The player who takes the last stone is the winner.

Play some games with a friend, starting with a small number of piles, and a small
number of stones in each pile. Try to find a winning strategy, or even some information

that helps one to play this game. How can you express each position mathematically?
What is the mathematics that lies behind this game?

We can describe this game by giving the starting position as a list of of positive integers.
For example, we can represent the the starting position which has three piles of stones,
with 41, 163 and 13 stones in the three piles, by the vector (41, 163, 13). Suppose that the
two players are A and B, and that A starts the game by removing 16 stones from the first
pile: we can represent this move by

(41, 163, 13) A−→ (25, 163, 13)

Thus the game might be played as follows, with players A and B, with A starting (and B

winning):

(41, 163, 13) A−→ (25, 163, 13) B−→ (25, 19, 13) A−→ (25, 13, 13) B−→ (0, 13, 13)

A−→ (0, 7, 13) B−→ (0, 7, 7) A−→ (0, 0, 7) B−→ (0, 0, 0)

Each pile as a certain number, say N , stones in it and we can write N in binary form
as

N = (a0 × 20) + (a1 × 21) + (a2 × 22) + · · · ,

where each aj is 0 or 1. For brevity, we can write this as N = [a0, a1.a2, . . .], and we say
that aj is the coefficient of 2j in the expression for N .
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Note that
ak ≡ [N/2k] (mod 2),

where [x] is the integer part of x. We can use this to write a computer program to
determine whether the position is odd or even.

We shall say that a position in the game is an even position if, for each k, the sum over
all of the piles of the coefficients of 2k is an even integer; otherwise the position is an odd
position. For example, for the position (41, 163, 13) we have

41 = [1, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, . . .],

163 = [1, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, . . .],

13 = [1, 0, 1, 1, 0, 0, 0, 0, 0, . . .],

so this is an odd position (for example, the sum of the coefficients of 20 is 3, and the sum
of the coefficients of 22 is 1).

It is clear that in any even position there are at least two non–empty piles (that is,
at least two piles with a positive number of stones in each). This means that if you one
player, say X, passes an even position to the other player Y , then Y cannot win at his or
her next turn (because Y can remove stones from only one pile). Thus if you are playing,
your aim must be pass on a even position whenever possible. In fact, if you always pass
on an even position then your opponent can never win, so you will win.

• Which of the following are possible?

1. To pass from an even position to an odd position.

2. To pass from an even position to an even position.

3. To pass from an odd position to an odd position.

4. To pass from an odd position to an even position.

Play some more games and try to use what we have learnt to increase your chances of
winning.

2 Part II

We will prove the following two facts:

1. if a player receives an even state then they will always pass an odd state to their
opponent;

2. if a player receives an odd state then they can pass an even state to their opponent.
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We now argue as follows. Suppose that the game is in an odd state and that it is
your turn to play. By (2) you can play and pass an even state to your opponent. Your
opponent plays and by (1), they will leave an odd state. You play and return the game to
an even state which you pass to your opponent; they pass an odd state back to you, and so
on. Now it is clear that if a person leaves an odd state, then they have left some positive
numbers in the game so they have not won. Thus with this strategy, your opponents will
never win. As the game must finish, you will win.

The proofs of (1) and (2) Suppose that we receive an even position. We remove some
stones and so there is some coefficient, say ak that changes (from 1 to 0, or from 0 to 1).
As the sum of the coefficients of 2k taken over all piles was originally even (we received an
even position), it will now be odd, so the resulting position will be odd. This proves (1).

To prove (2) express each number (in each pile) in binary form and find the largest k

for which the sum of the k–th coefficients is odd. We shall remove stones from this pile,
and it is easiest to decide how many stones to remove if we think of removing all stones
from this pile and then replacing some. In fact, we remove all stones from the pile and,
for each n, replace 2n stones in order to make the sum of the coefficients of 2n even. An
example may help. Suppose that the position has three piles in the form

(25, 28, 10) = ([1, 0, 0, 1, 1], [0, 0, 1, 1, 1], [0, 1, 0, 1, 0]).

This is an odd position, and it is perhaps easiest to see if we write it in the form of a
matrix: 


1 0 0 1 1
0 0 1 1 1
0 1 0 1 0




The largest k for which the sum of coefficients of 2k is odd is k = 3. We therefore think
of our move as removing all of the stones from the third pile and replacing some of the
stones so as to leave the position




1 0 0 1 1
0 0 1 1 1
1 0 1 0 0




or, equivalently, (25, 28, 5).

Question: Now play some more games and use this strategy to try to win.

Question:Suppose that you are going to play Nim, and that your opponent says you
may decide who is to start. In general, what should your answer be?

3 The game of Nim

The game of NIM is a game for two players and the rules are as follows. The players start
with a number of piles of stones. The first player removes some (at least one, and possibly
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all) of the stones from one (and only one) pile. The second player does the same, then the
first player plays again, and so on. The player who takes the last match is the winner.

Find a friend, and play some games, starting with a small number of piles, and a small
number of stones in each pile. Try to find a winning strategy, or even some information

that helps one to play this game. How can you express each position mathematically?
What is the mathematics that lies behind this game?
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4 The game of Nim

The game of NIM is a game for two players and the rules are as follows. The players start
with a number of piles of stones. The first player removes some (at least one, and possibly
all) of the stones from one (and only one) pile. The second player does the same, then the
first player plays again, and so on. The player who takes the last match is the winner.

We can convert this into mathematics by listing a finite set of positive integers, for
example

41 163 13

and thinking of these as three piles with 41, 163 and 13 matches in the three piles. Thus
the game might be played as follows, with players A and B, with A starting (and B

winning):

The strategy is first to write down all the starting numbers in binary form (use
dec2bin(n) in octave):
dec2bin(41) = 101001, dec2bin(163) = 10100011, dec2bin(13) = 1101

Now arrange these in an array (adding any leading zeros):



0 0 1 0 1 0 0 1
1 0 1 0 0 0 1 1
0 0 0 0 1 1 0 1




Next, add the columns (in base 10) to get
(
1 0 2 0 2 1 1 3

)

If at least one of these numbers is odd , the next player can win;
if all these numbers are even, the next player will lose if the other player plays correctly We

will analyze this game and reach the following
Conclusion: as most starting positions (chosen at random) will give a column that sums to an

odd number, in general it is best to start. If you can do this and then play correctly, you will

win.

The idea is as follows. Let us say that the game is in an even state if all columns sum
to an even number, and in an odd state if at least one column sums to an odd number.
We need to prove the following two facts:
(1) if a player starts with an even state and plays, then they will always leave an odd
state;
(2) if a player start with an odd state and plays correctly, then they can always leave
an even state.

We now argue as follows. Suppose that the game is in an odd state and that it is
your turn to play. By (2) you can play and pass an even state to your opponent. Your
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opponent plays and by (1), they will leave an odd state. You play and return the game
to an even state which you pass to your opponent; they pass an odd state back to you,
and so on. Now it is clear that if a person leaves an odd state, then they have left some
positive numbers in the game so they have not won. Thus in the strategy given above, your

opponents never wins. As the game must finish, you will win.

It remains to prove (1) and (2) above, and then to interpret this in terms of numbers
written in base ten. Let us do the interpretation first. Suppose that

N = am2m + am−12m−1 + · · ·+ a121 + a020. (?)

Then ak = [N/2k] modulo 2, where here, [x] denotes the integer part of x. You should be
able to prove this.

Thus given a finite set of integers representing the starting values, say N1, N2, . . . , Nq,
we choose m large enough so that we can represent all these starting values in the form
(?). Then the sums (all taken modulo 2) over the columns are

q∑

k=1

[Nk/20],
q∑

k=1

[Nk/21],
q∑

k=1

[Nk/22],
q∑

k=1

[Nk/23], . . . ,
q∑

k=1

[Nk/2m].

Thus if at least one of these sums is odd (in base 10 notation), and it is your turn to play,
then you can win the game.

The proofs of (1) and (2)

References

6


