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EACH WORKSHOP GUIDE HAS A SIMILAR FORMAT:

PAGE 1 TITLE PAGE

* Teaching strategy focugach guide focuses on and exemplifies a teaching
methodology that is widely used.

* Curriculum content and learning outcomes.
e Summary of mathematical tmp(FACT BOX.)
* Resources needed

PAGES 2 &3 WORKSHOP ACTIVITIES FOR TEACHERS
Two pages for you to work through with your colleagues. These activities are to be
shared and discussed. For each activity there is a list of resources Wfwsn;-:-ded

how to orgarse the activity (e.g. individual, pairs, whole cI)

how long the activity will tak(®), when to pause, think and try the acti/,
and when to record your wol=.

PAGES 4 &5 CLASSROOM ACTIVITIES FOR LEARNERS

Two pages to help you plan your less¥ou are advised how long to allow for the
activity, the resources you might need and the key questions to ask.

PAGES 6-10 CHANGES IN MY CLASSROOM PRACTICE

Pages on using the teaching strategies with additional resources and activities foingser @dier
the workshop such as worksheets and templates. For fajpoactivities you will find lots more
lesson activites on the AIMING HIGH Teacher Network
https://aiminghighaimssec.ac.za/category/lessamtivities/

Number systems and equations

Making connections
By Liezel du Toit

 Liezel taught mathematics at secondary schools in South Af
for more than 20 years.

She now works aafreelancer and enjoys the different

opportunities to be involved in mathematics and the teaching
mathematics.

She often teaches at AIMSSEC coursesl shdrains and
. mentors mathematics teachers, tutors groups of secondary §
. learners, teaches artisan students and writes textbooks.
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Number systems and solving equations

Teaching strategy: Making connections within and beyond mathematics

Curriculum content:
* Number system Review of number knowledge.
* Solving equations and expanding number concepts:
I Understandhat real numbersan be rational or irrational; apply that to understanding solutions of
guadratic equations;
I Relate real numbers to decimal representations, and round numbers appropriately to the context
I Considering slutions of quadratic equations and ntitat there gist numbers other than those on
the real number linghe complex numbers.
Prior knowledge needed:
* How to solve linear equations.
* How to solve quadratic equations by using factors or the quadratic formula.

Intended Learning Outcomes At the end of this atvity teachers and learners will:

* Know how to interpret solutions to linear and quadratic equations, atd teem to both graphs agelts
of number

* Understand the connections betwées graphs of functionsplutions of equations and sets of numbers.

* Be able to round real numbers to an appropriate degree of accuracy and be able to place irrational
numbersbetween the appropriate two integers on the number line.

* Appreciate theonnectios between the nature solution(s) of equations and the setsofmbers that
make up the number systeand how this relates to the hist@l development of number and the way
people learn about number

Fact box

All numbers Real

~ Real Algebraic , Natural Numbers ! arethe
GENES " numbersl, 2, 3 E
<53 R A -\.b‘-\

"Q Rational numbers
~ Z Integers

Integers ! arethe numbers .-
3,-2,-1,0,1,2,3E

Rational Numbers ! arenumbers
of the form:—!Wherea andb are
integers ana is not 0.

: ~Whole numbers .
4N ¢~ N Natural

Irrational numbers (e.g.v/T or ) cannot be written in this form.

Real numbers " areeitherrational or irrationalEachreal numbecorresponds to a unique point on tree
dimensionahumber line and every point onet number line corresponds toiiquereal number.
Complex numbers € correspond to points in tiedimersionalplaneincludingthe realaxis (thex-axis) but
might have afmaginarypartthatinvolvesi = v—1, e.g.3 + 4i which is the point (3 ; 4).

To solve an equation in algebra, we can often use a graph.

There armumbers in higher dimensions: none in3 dimensionsguaternonsin 4-dimensions E

A zero of a functionf(x) is the same asm@ot or solution of the equation f{x)=0.

For example, to solve the quadratic equafi@h — 7 = 0, we might draw the parabgya= 3x2? — 7 and see
where it meets the-axis (the liney = 0). The points, callethex-intercepts of the graphare theroots or
solutions of the equatior3x? — 7 = 0, that isthe real numberim.

The points of inérsection of thgarabolay = ax? + bx + ¢ and thex-axis (the SintercepsO)ive solutions

% If 1! 1 11" Ithe parabola does not intersect the

axisas, forexample in the equationc? — 4x + 5 = 0 whose solutionarethe complex numberg + ! 1.

of the equatiomx? + bx + ¢ = 0, namelyx =

Resources needed for the activities: Pen, paper, calculator, copy of worksheets on pages 10 & 11.
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Workshop Activities for Teachers

Activity 1: Number systems
Divide up the group if there are more thawve teachers. (D30 minutes

Discuss the following question@ause think and try this)

1. We use numbers every day. Where do the numbers come Brorip@u think numbers wer
invented or discovered®HY did peoplestart to use numbe2Some parts of our number
system took thousands of years to develop, for instance the use of place value and the use of
zero as both a place holder and a number. Why are these ideas important?

2. Giveexamples of the numbers that ywill useif:

(a) you want to know how many learnerg @ the clag®om now;
(b) your friend borrowed money from you anashnot paidt backyet
(c) you want to divide two loaves of bread between ten people

(d) you want to find the length dlie diagonal o& square with sidé cm.

3.  We can write &h rational numbei-{in decimal form.Convertg into its decimal form. Now
convert% into its deamal form. What abodétandg ? Explain how you caoonvertany
givenrational numbemto itsdecimal form =l

4. Describe some diffent patterns thatecimas can haveWhat do you notice about the
patterns irthe decimal expansistof rational numbersAre these alwaysepeating
patternsHow do you know?

5. Every real number can be written in decimal fotse your own words to dedoe the
difference between a rational and an irrational nunban you givesomeexamples of
irrational numbes?

How would you explain to a primary school learner what the real numbers are?

How would you explain to a primary school learner towrder number®with and
without a calculator?

8. The set of real numbers is made up of all the points on the nlimderhich is the same
as thex-axis. The set of complex numbers is made up of all the points in the Cartesialr
planeand they are widelysed in higher mathematics and scierdereal numbers are
complex numbers but onlypmeof thecomplex numbers are real numbérbe complex
numbers that are not real are sometimes calledr@@mmumbers-or example 2 +&and
3 D4i (the points (2 5) and (3 ; 4)) are complex numbelsit not reahumbers What
number do you think (2 + + (3D4i) is?Could you subtract instead of adding these
numbers?ry multiplying these numbers.

9. What is the difference betweert@amplexnumber and anndefined number? What
undefined numbers can you think of? If you have a calculator, what does it OthinkO%

10. Why is it important tknow abouthe number system?

As teachers we can and should learn from each other! How can you use or adapt these
questions in your classroom to teach the number system?
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Activity 2: Find the link
% Theworksheet on pagk0. Pairs. 60 minutes

When we solve equations our solutions can be numibeliferent types.
There is a link between solving equations and interpreting graphs

A. Linear equations

* There are three possible cases if we solve linear equath@nsquation might haveo
solutions,a unique (one) solution, or an infinite nioer d solutions

* If we think of thestraightline graph ofy=f(x) wheref{x) is linear, that graph might be
parallel with ther-axis (no solutions tp=0), on top of it (an infinite number of solutio
to y=0) or cross it at one point (a unique solution).

*  Work in pairs and complete number 1 of the worksheqiage 10 The equations giver
are a little more tricky since they donOt start in the fogmo.

* What concepts do you want your learners to develop while doing numbl?

B. Zero product property

* The "Zero Product Property" says that:
ifrn e then!!'t W or!!! 10 (or bothp = Oand!!! 1)
*  Work in pairs and completnumber 2 of the worksheet oage10.
* What misconceptions can learners have while answering nume’?

C. Quadratic equations
*  Work in pairs and complete number 3 of thorksheet onapelO.
* What is similar abouihe three questions?
* What isdifferent about the three questiGns

D. Quadratic equations and parabolas

* There is a connection between the solutions for a quaéiation and the graph of ti
parabola.

* What doestimeanto say thaf{x) is aquadraticexpressiod The graph of the parabola
vy = f(x) = 0 cuts the xaxis ateither twopoints onepoint or no pointsThe equation
f(x)=0 then has two, one (sometimes say Oone repeatedO since it almost cuts tw
or no real solutions. Of course, as we showed in question 3, it can (and will) then
complex roots.

*  Work in pairs and completnumber 4 of the worksheet oage10.

* What questions can you ask your leasnwhen they work through this questior

E. In conclusion
When will you use the different questions on the worksheet in your classroom? What will
have to change so that your learners can make good use of them?
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Classroom Activities for Learners

Activity 1: Number systems

Groups of 3 (D30 minutes

Discuss the following questions.

1. We use numbers every day. Where do the numioeng drom?Do you think numbers were
invented or discovered? WHY did people start to use numBSens?parts of our number
system took thousands of years to develop, for instance the use of place value and the use of zero
as both a place holder and a number. Why are these ideas important?

2. Giveexamples of théype ofnumbers that yowill useif:

(a) you want to know how many learners are in the otesa now;

(b) your friend borrowed money from you anashnot paidt backyet;
(c) you want to dividewo loaves of bread between ten people

(d) you want to find the length dlie diagonal o& square with sidé cm.

3. We can write each rational numl%én decimal form.You can convert any rational number in
its decimal form by dividing by 5. Divide5 by 8to convertg into its decimal form. Now

convert% into its decimal form. What aboéatand% ?

4. Using your answers to qation 3 describe some different patterns that decimals can have.
do you notice about the patterns ingddecimal expansions of rational numbevg there
alwaysberepeating patternsHow do you know?

5. Every real number can be written in dealrform. Use your own words to describe the
difference between a rational and an irrational nunan you givesomeexamples of
irrational numbes?

How would you explain to a primary school learner what the real numbers are?

How would you expla to a primary school learner howaompare the size eéalnumbers
(that is how to order numbe®)with and without a calculator?

Ideas for teaching Activity 1:
* Use the questions as an investigation if learners have access to the internet ouothsr s

* Use number 3s a quick competition between pairs of learners. Set a time limgtesthdps
have a small prize available for the winners.

* Make a posteof the number systeifor the classroom and refer to it during maths lessons.

Activity 2: Find the link

% Use the worksheet on pat@to do this activity. Pairs D60 minutes

Activity 3: Where do I belong?
% Use the Venn diagram on page 11 Pairs then whole class )30 minutes

| SUGGESTED ANSWERS TO ACTIVITY 1 |

5
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1. There are many sources on the internet for background information, for exaemplRICH
articleWhat are Numberand articles omttp://www.storyofmathematics.com/index.htihe
number system developed as society and civilization ndedéxto count their livestockto
trade to navigateandto describe thetars and thevorld. We think Indian mathematicianvere
first to usea symbol for "nothing", but Chinese mathematicians were also early users of sy
symbol. Find out more on the internet, for example this article @nef history of numbers an
counting.Many different cultures developed counting in different bases, not always base t
though we havéen fingers. For exampléhe Babylomnsused base 6@hich is the origin of
our time and angle measuremafhy is 60 a good base to use?

2. (a) For example35 or 50 or 120earners. These numbers ateural numbers in the set
N ={1; 2; 3; ...}. There might be nobody in the classroomvhich case you would use the
number Q(zero). Zero is a whole number in the 8gt= {0; 1; 2; 3; ...}
(b) For money that is owing we might use for exampR50 or—£20 or—€30 or-$10
These egdive whole numbers arategersn the setz = {..-3;-4;-1;0; 1; 2; 3.}

If the money owing includes cents, for examle10.5Q then this is a rational number.

1

(c) For dividing 2 loaves between 10 people we use the fragsticaional numbelli0 =

These fractions agometimes calledommon fractions otsimple or vulgar fractions.
Fractions areational numbers

(d) The diagonal of a square with side 7 has leflgth cm. This is an examle of an irational
number Why? ThereOs an interesting and elegambf that/2 is irrationalsuitable br
maths teacherand for giftedstudenton NRICH With a light change the argumembrks
for square roots of argrime numberAlso seehomeschoolmaths.net

3. Z = 0.625,13—1 =0.2727 .. = 0.27 that is0.27 recurring% =0.3 and% = 0.571428.

You can convert angational numbe% into its decimal fornby dividing a by . The decimal

forms will alwayshave repeating patterns, either repeating zeros at the end or a gepeatin
pattern of digits (recurringecimals)All rational numbers can be written as either terminatil
decimals or as repeating decimals of length at mobecause Ob has no more thah
different remainders as you wotkroughthe division.

5. Notice the definitionA rational number is any numbtrat can be written in the form% where

a andb areboth integers and! ! . Any other real numbeis irrational. Arepeating decimal
(rational number) cann theory,be changed into a naeepeating decimal (irrational number)
by randomly choosingne of the digits in each repeated section and repladnyga randomly

chosen digiso breaking the patterNumbers of the form/!_ wherep is a prime number are a
irrational and the numberis irrational. Note that the rational numl%eris not equal tax, itis a
close appreimation ton.

Real umbersR are ALL the numbers that we can find on a humber Aneal number,

whether rational or irrational, has an exact position on the number line: it can represent &

For exampley/! is the length of the diagonal of a 1 bgquare;! is the circumference of a
circle of diameter INote that is an irrational number. So if we wrote it in decimal form we
could carry on indefinitely, down the road, to the nearest town, to the coast, across the o
out into spacé.

7. Numbers can berdered by comparing their positions on the number line. Numbers to the
are smaller than numbers to the right of them.

For teachers 8. Complex numbers may or may not lmn therealnumber ling(x-axis)but we can

6
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calculatewith them.This is not rguired for the South African National School Certificate.

Wewrite VI T ! I then/TT ! A/TT 1 L/(=1)(4) +/(=1)(9) =2!1 111 11,
Addition & Subtraction (2 +5) + (3D4i) =(5+i) and (2 +5) - (3D4) = (-1 + 9).

Multiplication (2 +5)(3D4i) = 6D8i + 15D20° =6+ 7 - 20(-1) = 26 + 7
NP (2+5i) _ (wwinisnng _ (-14+23i) _ -14 | 23i
Division — = = = = =4 =t
(3 - 4i) (3 -4l I+ 4i) 25 25 25

(2+\/§)_(2+\/§)(3+\/§)_§+|2\/§+!\/!_!\/!T
(B-v2) 3B-V2B+v2) 7 !

9. A complex number is any number corresponding to a point in the Cartesian plane and it
or may not be a real numbém undefined number is not part of thewumbersystem, for
example% or 0°! A calculator will give an error message if we key i@8 or+/! I but more

powerful software can calculate with complex numbers.

Note: We divide surds in a similar way

Solutions for Activity 2 Find the Link and Ideas for Discussion of Worksheet 1
Question 1

(a) Left hand side! ! 2x + 6 (Straight line with positive gradient amdintercept at 6.)

Right hand sidey = —3x + 1 (Straight line with negative gradient apdntercept at 1.)

The two lines have one point of intersection. If we solve the equation, we find-1. This means
thatthe x-coordinate of the point of intersection is equal-th

Matching graph: Diagram 2

(b) Left hand sidey = —4! + 2 (Straight line with negative gradient apdntercept at 2.)
Right hand sidey = —4x - 6 (Straight line with negative gradient apdntercept at6.)
The two lines have equal gradients & —4), so they are parallel. The two lines have NO points
intersection. There is no solution.
Matching graph: Diagram 3

(c) The lefthand side is equal to the righ&nd sidey = !! + 6 (Straight line with positive
gradient ang-intercept at 6.)

Thetwo lines have ALL their points in common. We can substitute any real nunmibéne
equation and the leftandside will be equal to the rigiitand side so all real numbers are solutior
that is there are infinitely many solutions.
Matching graph: Diagram 1

Question 2
Consider thex in front of the given bracke{$actors)as being in a bracket of its own:

o DA D(x— V=4) =1

If X can be any type of number the solutions até: I! orx = —gorx = —3or!!l Iyl
(@) If x eN, x = —3 (Remember: 0 is NOT a naal number.)

(b) Ifxez x =0o0orx = -3

©)IfxeQ x =0o0rx = —gorx = —3 (Remembero ! !:—and! g !._!!)

(d) If! &", x = vV—4 =2 (Complex numbers are of the founbi wherea, b are real numbers.

Question 3

(@x = 3orx=-3 Rational numbers
(b)x = +Tlor! I 11 4T Irrational numbers
(©)x=+v=9=3iorx! Il /I =-3i Complex numbers

DISCUSSION OF WORKSHEET 1 (CONTINUED) AND KEY QUESTIONS TO ASK
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4. Solutions
(@ x2+utrr

Think "parabola™:

Parabola! !'! 1" ! l6x
For x-intercept(s), ley =
'l lx=0
x(x +6) =0

Lx =0o0rx = —6

Matching graph: Diagram 6

Questions to ask

(1) Is it a problem that

clt n?

(2) Whyis the following

calculation incorrect?

xtbnrnd

rrenrr
SRR

(3) Are the! -intercepts real

numbers? Why?

O!]

Suggested answers

(1) No. Aslong as!! ! we
still have a quadratic
equation.

(2) The graph shows that we
lose one solutio if we divide
by!.

(3) Real numbers. We can
plot them on the number line
(! ! axis).

(0)2x2+ 51 1 L1 11

Think "parabola™:
Parabola! !! I'l' +5x—8
For x-intercept(s), let!'! !l

- R

I
'(5) £V25+64
2(2)
=-361l01l11
(correct to 2 decimal places)
Matching graph: Diagram 4

(1) Take note: It ! 111 then

=gy ="

(2) Take note:
M

(3) Arethe solutions real

numbers? Why?

(4) Are the solutions rational o

irrational numbers? Why?

(1) Take care in calculations
with negative numbers. It can
help to use brackets in
calculations

(2) Avoid this misconception.
Inalgebray!' ! It 1 11 p
(3) Real numbers: they are on
the number line.

(4) Irrational numbers involving
square roots.

(5) - 3.61 orl.11 is the most
common way of writing
-3,610r1,11

©zx'tutrtrto

Think "parabola™:
Parabolay = ixz + x+1
For x-intercept(s), ley = 0
x4] x2+ 4x! 111
g+HHar e

S bort i1l
Matching graph: Diagram 7

(1) Are the roots the same or
different?

(2) Are the roots real? Are the
roots rational or irrational?

(3) How can we shift the graph
so that the parabola has two
different (unequal)-
intercepts?

(1) The same. We have two
equal roots.

(2) Real numberéhey are on
the number line). Rational
numbers, in fact they are
integers. We an easily pinpoint
them exactly on the number
line.

(3) Shift (translate) the graph
downwards.

(d) 5x2+1 1 |

Think "parabola™:
Parabola! !'! 5x%+ 3
For x-intercept§), lety = 0
5524+ 3=0

5x%2 = -3

x2 :_3/5

x2 = +i /3/5

No real solutios .. x & "
Matching graph: Diagram 5

(1) Why does your calculator
give "ERROR" fory—0.67?

(2) Why do the arms of the
parabola point upwards?

(3) What will happen if w shift
the graph exactly 3 units
downwards?

(4) What will happen if we shif
the graph more than 3 units
downwards?

(1) Ourcalculators only work
with real numbersy—0.6 is a
complexnumber.

(2)a = 5so0a > 0.The
parabola has a minimum
turning point

(3) Turning point orx-axis: one
point of intersection between
parabola ana-axis.

(4) Turning point below the
x-axis: two unequal roots.
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SOLUTION FOR VENN DIAGRAM WORKSHEET
VENN DIAGRAM OF SETS OF NUMBERS

COMPLEX NUMBERSC

7+ 3i v=5
REAL NUMBERS R
n V7 V2
= ~ RATIONAL NUMBERS Q
=~ 3,457 0274 7.6
INTEGERS 7
V=27=-3
WHOLE NUMBERS Ng
0
NATURAL NUMBERS N
6 V32 =2 V16 = 4 P
O S AAA
e — ol

Teaching strategy: Making connections within and beyond mathematics

The Venn diagram is not completeatners will be able to narsebsets of the natural numbers, for
example, even numbers, or multiples of 7, or prime numbers, orE.

Young children start by counting with small whole numbers, and learners with ydurngesrs or

sisters will know 0 has little meaning for theso that childrenOs learning parallels historical
developments of number&radually children meet fractiotisrough sharingn home or school

situations: these developments from whole numbenrsaeteloped historically as societies needed
them. It is important that learners gradually come to recognize a need for a greater range of numbers
in their work, but for many, the need for e.g. complex numbers will not be ol®imid they find

out thatthe development of e.g. the whole of modern electronics, and so cell phones and computers,
depend on using complex numbers!

Learners may bfascinated by the historical development of number and of mathematics: whatever
our culture, these are part of aultural rootsWhat uses did your learners’ ancestors have for

number, and how did they record those? Ask learners what they know. What uses for number did

their grandparents have? How and why have those needs changed?
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Simplify each side of the given equations and then solve for
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1.
Match the equations to the graphs. Explain your reasoning.
(a) (b) (c)
2(x+3)= =311 rrrr e rr1r 3x+4)—-6
Diagram 1 Diagram 2 Diagram 3
y A y A A y
2. Given: x(2x +5)Bx +9)(x — V=4) =0
Solve forx if
(@xeN (b)x € Z ©)xeQ xR
3.1  Solve forx in the following three quadratic equations:
@x2-—9=0 (b)x2—7=0 ©)x*+9=0
3.2  Describe the nature (type of number) of the solutions.
4. Solve forx in thefollowing quadratic equations.
Match the solutions to the graphs. Explain your reasoning.
(a) . (b) (C)1 (d) .
= L T T A O I —
x“+ 6x=0 21 nre i 24 x4+1=0 5+ 3=0
4
Diagram 4 Diagram 5 Diagram 6 Diagram 7
y (34 y1 yh
* 4 K
\ /
‘\ ,‘:‘ x~ ¥
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You could use this diagram to make a large poster for your classroom.
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