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GENERAL ANGLE TRIGONOMETRY INVESTIGATION

DO NOT USE CALCULATORS FOR THIS WHOLE CLASS ACTIVITY.

YOU NEED TO KNOW: that the cosine and sine functions for ALL. ANGLES are given by the
coordinates of points on the UNIT CIRCLE. The x-coordinates of points on the unit circle give the
cosine of the angle between the x-axis and the radius measured anti-clockwise and the y-coordinates
give the sine of the angle.

In this activity learners will share the work of taking readings of the coordinates of points on the unit circle
for the angles 10°, 20°, ..., 350°, 360°. Then you will plot these points to discover what the graphs of the
cosine and sine functions look like.

You will need a ruler and protractor and Sheet 1 - the Unit Circle, and one card for recording readings for
each pair of learners, and Sheet 2 for recording the results from the whole class, and Sheet 3 - Graph for
plotting readings from Sheets 1 and 2.

Measure the x and y coordinate distances for the points on
the unit circle correct to 2 decimal places. Fill in the table
the to save time
Angle in degrees | x coordinate y coordinate

60 0,5 0,87

240
250 0,34 0,94
260

STEP 1 On sheet 1 use a protractor to measure an angle of 60° anti-clockwise from the
x-axis and draw the lines OP and PNQ. The right angled triangle OPN has edges

g OP=1, ON=co0s60° and PN=sin60°. From the lines on the grid you should see clear
steps of 0,1 from -1 to + 1 in both x and y directions so you can take readings to 2
decimal places. Read the coordinates of P from the grid.

Q(e0s300°35in300° )

For 300° the radius is OQ and the readings are (cos300°; sin300°) Angle in degrees| x coordinate |y coordinate
=(0,5;-087). Readings should be recorded in a table like this. = o %?7

STEP 2 Draw accurately the 6 angles on your card in this way, then take readings from the grid of the x-
coordinates for cosines and the y-coordinates for sines correct to 2 decimal places, and to fill in the table on
your card.

STEP 3 As a class fill in Sheet 2 using the results from the whole class. Several learners will have taken
each reading so you can check that the readings are correct.

STEP 4 The next step is to plot the points (A, cos A) using Output 1 from Sheet 2. ONLY THE FIRST
TWO COLUMNS ARE USED FOR cos A. You could cover the Output 2 column for sinA or fold sheet 2 to
hide that column.




On Sheet 3 plot on the horizontal axis the values of angle A in degrees from the 1* column and on the
vertical axis the values of cos A from the 2" column.

This graph of f(A)= cosA should be a ROUNDED CURVE.

STEP 5 Plot the points (A, sinA) of the function g(A)=sin A on Sheet 3 using Output 2 from sheet 2. Plot
on the horizontal axis the values of angle A in degrees from the 1* column and, on the vertical axis, the
values of sin A from the 3" Again the graph should be a ROUNDED CURVE.

STEP 6 What do you notice when you compare the graphs of f(A) = cos A and g(A) = sin A?

What do you think happens if you go on to 370°, 380°, and so on and on ?

What happens for negative angles?

LEARNERS SHOULD DO THIS TASK BEFORE THEY ARE
INTRODUCED TO THE GRAPHS FOR SINE AND COSINE
SO THAT THEY DISCOVER THE GRAPHS FOR THEMSELVES.

SOLUTION

f(A) =cos A
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g(A) =sin A

Y

-
N

1 \c?
Possible answers include:

What do you notice?
* The coordinates are always between -1 and +1.
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* The maximum value of both sine and cosine is +1.

* The minimum value of both sine and cosine is -1.

* The shapes of the graphs have a wave form.

* The shapes of the sine and cosine graphs are the same. If the cosine graph is translated 90° to the
right it coincides with the sine graph.

* The cosines and sines have the same values but for different angles so cos(90-A) = sin A and
sin(90-A)=cosA




* The cosine graph has reflective symmetry about the y-axis, that is cos(-A) = cos A for all A.
* The sine graph has rotational symmetry about the origin, that is sin(-A) = -sinA for all A.

What do you think happens if you go on to 370°, 380°, and so on and on ?

* As the point moves around the circle the angle goes from 0° to 360° and then the points are traced
out again so cos370° = cos10° and cos380°=cos20°. In general cos(360+A)=cosA and
sin(360+A)=sinA.

* The graphs of sine and cosine are PERIODIC, that is they repeat themselves every 360°.

What happens for negative angles?
¢ Ifthe point moves around the circle clockwise instead of anti-clockwise it gives a negative angle
and cos(-A) = cos A and sin(-A) = - sinA
The wave pattern of the graph extends indefinitely in both negative and positive directions.

NOTES FOR TEACHERS
Why do this activity?

This task is the best introduction for learners to the sine and cosine functions as it enables them to
discover the graphs for themselves so don’t show your learners the graphs of the functions first.

Don’t ask your learners to do all 72 of the readings. It is much better to share the work of doing the
readings around the class. For example you could give the readings in each of the 8 boxes to four or
five learners depending on the size of your class. That way each learner only has to take a few
readings and everyone can check that the readings are correct before drawing the graphs because
each reading is taken several times.

Intended learning outcomes

* Understanding of the definition for the cosine and sine of angles between 0° and 360° and how this
generalises to give the cosine and sine of all angles.

* Experience of discovering the shape and properties of the graphs of the cosine and sine functions.
* Experience of teamwork with the whole class sharing results.

Suggestions for teaching
Give each pair of learners

o A protractor and ruler
o Sheet 1- the Unit circle drawn on graph paper,

o Sheet 2 with a table to be filled in for angles in steps of 10- from 0- to 360- with readings of
the coordinates of the points on the unit circle for those angles,

o Sheet 3 of graph paper with axes drawn for plotting graphs, and
o One of the 8 small cards with a blank table of values to be filled in.

STEP 1 Ask all learners to construct accurately an angle of 60- and read the coordinates of the
corresponding point on the unit circle (cos60-, sin60-). Have a class discussion of points and coordinates for
120, 240- and 300-.

STEP 2 Ask learners to fill in the readings for the 6 angles on their cards and, as they finish, to write their
readings onto the full table on the board or check the readings on the board if they are already up, and
then fill in other peoples’ readings from the board onto their own copies of Sheet 2.




STEP 3 Check that the readings are correct (at least to one place of decimals).

STEP 4 Ask learners to plot the points (A, cosA) from the readings they have recorded for all values of angle
A and then - STEP 5 to plot (A, sinA). Remind the learners that the graphs should be a rounded curves.
Make sure that the learners plot all the points and don’t short cut the process.

STEP 6 Conduct a class discussion in which you ask the key questions and make a list of possible answers
which the learners should copy into their notebooks.

Key questions

These are very open and general questions that you might ask your learners to set them thinking.
What do you notice?

What do you think happens if you go on to 370°, 380°, and so on and on ?

What happens for negative angles?

Possible extension

T The diagram on the left is a circle of radius 1 unit, called the unit circle.
Angles are measured in an anticlockwise direction from the x-axis OX.

sec 8 Imagine the point P moving around the circle anticlockwise so that angle
POX = 0 increases from 0° to 360° in one revolution, from 360° to 720° in a

Ny, E 5 second revolution, from 720° to 1080° in a third revolution and so on for
8 ever.
o |\ Similarly if the point P moves around the circle in a clockwise direction the
i ocoso @ 5 angle POX is negative and after one revolution the angle POX = -360°. This
X continues indefinitely for negative angles.

The trigonometric functions for the angle 0 are defined in this diagram. The
coordinates of P are (cos0; sinf) thus defining the cosine and sine functions
o for all values of the angle 9.

The sine and cosine functions repeat themselves every 360° so they are PERIODIC FUNCTIONS with
period 360°. The values of sine and cosine vary from -1 to +1.

Using elementary geometry prove that the lengths as marked in the diagram correspond as values of
tan 0 and sec 0.

Possible support

To help the learners who struggle you might pair each of them with a more able learner and encourage that
learner to take some responsibility for helping his or her partner to understand the concepts and complete the
readings and the graphs. In addition these learners might use the last card on the sheet involving only angles
between 0° and 90° although they should plot the curve for all angles between 0° and 360° using the readings
taken by the whole class as a team.

Note: The Grades or School Years specified on the AIMING HIGH Website correspond to Grades 4 to 12 in South Africa and the

USA and to Years 4 to 12 in the UK.
Lower Primary or Upper Primary Lower Secondary Upper Secondary
Foundation Phase

South Africa Grades Rand 1to 3 Grades 4 to 6 Grades 7 to 9 Grades 10 to 12

USA Kindergarten and G1to 3 | Grades 4 to 6 Grades 7 to 9 Grades 10 to 12

UK Reception and Years 1 to 3| Years 4 to 6 Years 7t0 9 Years 10to 13

East Africa Nursery and Primary 1 to 3| Primary 4 to 6 Secondary 1to 3 Secondary 4 to 6




