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SQUARES PATTERN

This square of squares pattern has edge length 5 squares. You could make this pattern with 48
matchsticks.

Work out the number of edge squares and the number of lines
(matchsticks) needed to make the pattern with:

o side length 6

o side length 25

e side length 100

o side length n

HELP

This is an easier good pattern to start with:

SEVEN SQUARES

This pattern is made from matchsticks.
How many squares are there?

How many matchsticks are needed?
How would you draw it?

What about a line of 8 squares?
What about a line of 25 squares?
What about a line of 100 squares?
What about a line of n squares?

NEXT

Here are some patterns that are a bit more challenging. Each time the challenge is to extend the
pattern from 5 to 6 and then to 25 and then 100 and then to n and to find the sequences and
formulas that arise. Choose for yourself one or two of the patterns to work on. There are four
different tasks and you may want to start with the Seven Squares task given in the HELP section.
You could work with a partner, but do different patterns, then each explain to the other what you
have discovered. That way you will develop your communication skills which are very important
in the world of work where workers often have to write reports and explain their work to others.

RECTANGLE
This rectangle has height 2 and width 3.

Work out the perimeter, the number of dots, and the number of lines needed
to draw a rectangle with:

* height 2 and width 6

* height 2 and width 25

* height 2 and width 100

* height 2 and width n




L SHAPE
This L shape has height 4 and width 4.

Work out the perimeter, the number of squares, and the number of lines needed to draw an L shape
with:

* height 6 and width 6

* height 25 and width 25

* height 100 and width 100

* height n and width n

TWO SQUARE PATTERN
This pattern is made from two joined squares with side length 3.
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Work out the number of lines and the number of dots needed to draw the pattern of joined squares
with:

* side length 6

* side length 25

* side length 100

* side length n




NOTES FOR TEACHERS

SOLUTION

As with many problem
solving activities it
may help to start with
the special cases
n=1,2, 3 etc.

Here 1 and 2 may be
exceptional in that they
do not have a hole
inside so we need to be
a bit cautious.

There are other ways
to visualise how these
patterns are made up
and each method leads
to the same sequence
but may arrive at a
different version of the
formula. Allowing
learners to develop
their own methods
provides a good
learning experience.
This can be used to
motivate the algebraic
work necessary to
show that the different
versions of the formula
are equivalent.

We can think of making the squares by putting together C shapes facing
different directions — try it!

To work out the number of squares you can subtract the number of inner
squares missing inside the pattern from the number that would be in the
block of squares, so for edge length 5, this is 25 — 9 = 16 and for edge
length 6 this is 36 — 16 = 20.

The sequence of the number of squares fromn =1 to 6 is:
1,4,8,12, 16, 20,...

And, for the number of line segments the sequence is:
4,12, 24, 36, 48, 60,...

For the pattern of side length 25 there are
252 232 =(25-23)(25 +23) =2 x 48 = 96 squares
made by 3 x 96 = 288 short line segments.

For the pattern of side length 100 there are
100% — 982 = (100 — 98)(100 + 98) = 2 x 198 = 396 squares
made by 3 x 396 = 1188 short line segments.

For the pattern of side length n there are
n’-(n-22=m0-m-2)n+(1n-2))

=2x((2n-2)

=4n-4

=4(n — 1) squares
made by 3 X (4n—4) =12(n — 1) short line segments.

FOLLOW ON SOLUTIONS

LINE OF n SQUARES.

Number of sticks 3n + 1

25 sticks for 8 squares, 76 for 25 squares, 301 for 100 squares.
Sequence 4, 7, 10, 13, ...

RECTANGLE HEIGHT 2 AND WIDTH n.
Perimeter 2n + 4 , sequence 6, 8, 10, 12, ...
Number of lines 5n + 2, sequence 7, 12, 17, 22, ...
Number of dots 2n + 4, sequence 6, 8, 10, ...

L SHAPE, HEIGHT n WIDTH n

Perimeter 4n, sequence 4, 8, 12, 16, ...

Number of lines 6n - 2, sequence 4, 10, 16, 22, ...
Number of squares 2n — 1, sequence 1, 3, 5,7, ...
TWO n X n SQUARES PATTERN

Number of dots (2n + 1)(n + 1), sequence 6, 15, 28, 45, ...
Number of lines 7n, sequence, 7, 14, 21, 28, ....




Diagnostic Assessment This should take about 5—10 minutes.

1. Write the question on the board, say to the class:

“Put up 1 finger if you think the answer is A, 2 fingers for B, 3 fingers for C and 4 fingers for D”.

2. Notice how the learners responded. Ask a learner who gave answer A to explain why he or she gave that answer
and DO NOT say whether it is right or wrong but simply thank the learner for giving the answer.

3. Then do the same for answers B, C and D. Try to make sure that learners listen to these reasons and try to decide
if their own answer was right or wrong.

4. Ask the class again to vote for the right answer by putting up 1, 2, 3 or 4 fingers. Notice if there is a change
and who gave right and wrong answers. It is important for learners to explain the reason for their answer
otherwise many learners will just make a guess.

5. Ifthe concept is needed for the lesson to follow, explain the right answer or give a remedial task.

Tom and Katie are arguing about how to count ® The correct answer is C, both are correct
y @
the number of dots in a Pattern 20. ®
000 . C
Tom does: 4 x 20 + 2 Pattern 1 C. Tom is probably thinking of n columns of
0000 dots plus 2 dots on the right.
Katie does: 4 X (20+2)— 6 o000 Katie is probably thinking of a rectangle of dots
0000 of dimension 4nx(n + 2) less 6 dots.
Who is correct? o000 o00
Pattern 4 The formula is 4n? + 2
Only Only Both Tom Neither is https://diagnosticquestions.com
Tom Katie and Katie correct

Why do this activity?

This problem looks at patterns and challenges learners to describe them clearly - verbally,
numerically and algebraically. It does not assume prior knowledge of algebra and could be a good
way to introduce, practise or assess algebraic fluency. It also provides a good introduction or review
of the difference of two squares formula.

Similar-looking questions are often asked, expecting an approach that uses number sequences for
finding a formula for the nth term. This problem deliberately bypasses all that, instead focusing on
the structure of the pattern so that the algebraic expressions emerge naturally from that structure.

Learning objectives

In doing this activity students will have an opportunity to:

e investigate numeric and geometric patterns and find rules for the patterns in sequences;

e generalize number patterns and rules describing sequences, moving naturally from arithmetic to
algebra, to find formulae for nth terms of the sequences;

¢ think mathematically, reason logically and give explanations and proofs.

Generic competences (some suggestions, select from list or write your own)

In doing this activity students will have an opportunity to:

¢ think flexibly, be creative and innovative and apply knowledge and skills;

e visualize and develop the skill of interpreting and creating visual images to represent concepts
and situations;

e interpret and solve problems;

e work and learn independently and prepare for lifelong learning;

e workin a team:



o collaborate and work with a partner or group
o have empathy with others, listen to different points of view
o develop leadership qualities;
e communicate in writing, speaking and listening:
o exchange ideas, criticise, and present information and ideas to others
o analyze, reason and record ideas effectively.

Suggestions for teaching
Start with the diagnostic question as a warm-up. This alerts the class that there will probably be
several equivalent ways to describe the pattern and to find a rule (or formula) for the sequence.

Then draw the square of squares on the board by drawing short lines as if making the pattern from
matchsticks or toothpicks. Then say: "I have drawn a matchstick square of squares on the board, and
I would like you to make a rough copy of it - no need to use a ruler." Once everyone has sketched the
image - "Can anyone describe the order in which they drew the lines?" "Without counting individual
matches can you say how many matchsticks there are in your drawing?"

Collect at least three different methods, selecting learners who you know have something new to
offer. For each method, draw it on the board (perhaps using colours to emphasise the order in which
it was drawn) and pose the following questions:

"How would pattern with 6 squares on the edge be drawn using this method?"

“How many little squares would there be in the pattern?”

"How many matchsticks would be needed altogether?"

"What if there were 25 squares?"

"Or a hundred squares?"

"Or a million squares?"

"Or n squares?"

The answers to these questions could be recorded on the board, so that the results and the algebraic
expressions emerging from each method can be compared at the end.

Some similar patterns are given below in the ‘NEXT’ section that you might use for a follow-on
where the learners work in small groups. By working in groups with clearly assigned roles we are
encouraging learners to take responsibility for ensuring that everyone understands before the group
moves on.

A teacher's comments after using this activity:

"It gave rise to much discussion about how to describe the patterns. It led naturally to building
algebraic expressions and seeing them as easily understandable ways to record the patterns. It
provided motivation for checking that the different algebraic expressions (used to describe the
different ways in which a pattern can be built) are in fact equivalent.”

"Some students succeeded in building the patterns and working numerically, but were not yet ready
to work algebraically, while other students progressed to finding, and even simplifying, formulae for
the patterns. All students experienced success and there was appropriate challenge in this problem
for everyone.”

Key questions

e Can you see a pattern in the image?

e How might you draw it?

e How could you tell another person how to draw it over the phone when they can’t see you or the
pattern?

e Can you tell how the person drew the pattern from the way they write the calculation?

e How does your formula relate to the structure of the original problem?



Follow up

This problem lends itself to collaborative working, both for learners who are inexperienced at
working in a group and learners who are used to working in this way. There are four patterns in the
HELP and NEXT sections. Give each group one or two of the patterns to work on (depending on the
time available).

Explain that by the end of the session each group will be expected to report back to the rest of
the class, showing how they saw the patterns growing, and how this helped them to work out
the hundredth pattern and how they arrived at an algebraic expression. Exploring the full
potential of these tasks is likely to take more than one lesson, allowing time in each lesson for
students to feed back ideas and share their thoughts and questions.

Make sure that while groups are working they are reminded of the need to be ready to present their
findings at the end, and that all are aware of how long they have left.

Ideally each group will record their diagrams, reasoning and generalisations on a large flipchart sheet
in preparation for reporting back. Subsequently these can be put up on the classroom wall. There are
many ways that groups can report back. Here are just a few suggestions:

e Every group is given a couple of minutes to report back to the whole class. Students can seek
clarification and ask questions. After each presentation, students are invited to offer positive
feedback. Finally, students can suggest how the group could have improved their work on the
task.

o Everyone's posters are put on display at the front of the room, but only four of groups are
selected to report back to the whole class. Feedback and suggestions can be given in the same
way as above. Additionally, students from the groups which don't present can be invited to share
at the end anything they did differently.

e Two people from each group move to join another group who worked on the same task. The two
"hosts" explain their findings to the two "visitors". The "visitors" act as critical friends, requiring
clear mathematical explanations and justifications. The "visitors" then comment on anything they
did differently in their own group.

Note: The Grades or School Years specified on the AIMING HIGH Website correspond to Grades 4 to 12 in South Africa and the
USA, to Years 4 to 12 in the UK and up to Secondary 5 in East Africa. New material will be added for Secondary 6. The
mathematics taught in Year 13 (UK) and Secondary 6 (East Africa) is beyond the school curriculum for Grade 12 SA.

For resources for teaching A level mathematics see https:/nrich.maths.org/12339

Lower Primary Upper Primary Lower Secondary Upper Secondary

or Foundation Phase

Age5t09 Age9to 11 Age 11to 14 Age 15+
South Africa | Grades R and 1 to 3 Grades 4 to 6 Grades 7 to 9 Grades 10 to 12
USA Kindergarten and G1 to 3 Grades 4 to 6 Grades 7 to 9 Grades 10 to 12
UK Reception and Years 1to 3 | Years 4 to 6 Years 7 to 9 Years 10 to 13
East Africa | Nursery and Primary 1 to 3 | Primary 4 to 6 Secondary 1to 3 Secondary 4 to 6




