R AFRICAN INSTITUTE FOR MATHEMATICAL SCIENCES
;7/]/‘ \§ SCHOOLS ENRICHMENT CENTRE
W
AIMSSEC TEACHER NETWORK
TRIG LENGTHS

R

In the diagram the line OS is perpendicular to the lines OR and PQ.
The line RS is a tangent at P to the circle centre O and radius 1 unit.

Find the lengths 0Q, PQ, PS, OS, OR and RP.

If OS and OR lie on the coordinate axes, what are the coordinates of the
point P?

Solution
As OP=1 and it is the hypotenuse of AOPQ, by definition

0Q=cos0 and PQ=sin0

PS/0P=PS/1=tanf

so PS=tan@

£OPR=£0PS=90° (radius, tangent)

0S/0P=0S/1=secB

so 0OS=secH

In AOPR, ZROP=90-6 and £0ORP=6, hence OR/OP=0R/1
so OR=cosecO

RP/OP=RP/1

so RP=cot 0

Notes for teachers

Diagnostic Assessment This should take about 5-10 minutes.

1. Write the question on the board, say to the class:

“Put up 1 finger if you think the answer is A, 2 fingers for B, 3 fingers for C and 4 fingers for D”.

2. Notice how the learners responded. Ask a learner who gave answer A to explain why he or she gave that
answer and DO NOT say whether it is right or wrong but simply thank the learner for giving the answer.

3. Then do the same for answers B, C and D. Try to make sure that learners listen to these reasons and try to
decide if their own answer was right or wrong.

4. Ask the class again to vote for the right answer by putting up 1, 2, 3 or 4 fingers. Notice if there is a
change and who gave right and wrong answers. It is important for learners to explain the reason for
their answer otherwise many learners will just make a guess.

5. Ifthe conceptis needed for the lesson to follow, explain the right answer
or give a remedial task.

C.is the correct answer.
= \/sin(@) Common Misconceptions
sin(@) Learners giving the answers A.,B. and D do not know and understand the
fundamental Pythagorean trig identity sin20 + cos26=1
sin?(0)

@

https://diagnosticquestions.com

None of the above




Why do this activity?

This activity provides practice in working with right angled triangles and using the six basic trigonometric
ratios. Learners should be introduced to the general trigonometric functions before meeting the graphs of the
trigonometric functions. The connection with the formula for the circumference of the circle in terms of the
angle measured in radians can be made. Also, school students should be aware of radian measure as it appears
on calculators, and as it is generally used in higher mathematics, even if it is not part of the school curriculum.

Teachers can take this opportunity to explain how trigonometry arose thousands of years ago in the study of
astronomy and to engage the class in discussion of the uses of trigonometry today where we need to work
with obtuse angles and trigonometric functions of angles where the angles can take any value.

Intended Learning Outcomes

The activity prepares learners to meet the definitions of the trigonometric functions for angles of any size,
positive or negative) in terms of the coordinates of points on the unit circle.

Possible approach
Start with the diagnostic question. The emphasise that the trigonometric identity sin26 + cos20=1 is simply
Pythagoras Theorem for the right angled triangle with hypotenuse of length 1 unit.

This activity can be used as a lesson starter when learners have met the definitions of the six trigonometric
ratios for angles in a right angled triangle and are about to be introduced to the general definition for angles
greater than 90°. Building on what the learners know, this draws out the fact that, for a point P on the unit
circle, the cosine and sine of ZP0OQ are related to the coordinates of P if the point O is the origin and S and R are
on the axes. The generalisation to all angles as P moves around the unit circle follows naturally.

Teachers could give one of the six lengths 0Q, PQ, PS, OS, OR and RP each to different pairs of learners and
then ask different pairs in turn to come to the board to explain what they had found. This way the learners who
struggle could be given the chance to succeed while the quicker ones could be given a bit more challenge.

Key questions

e What do you notice about OP and RS?

* How many right angled triangles can you see?
*  What are the angles of triangle ORP?

Possible extension
P lies on the circle centre O radius 1 unit and TX is a
tangent to the circle at X. Y,

PQ is perpendicular to OX. VW is perpendicular to OV.
Find the lengths 0Q, PQ.
What are the coordinates of P?

Find the lengths TX, OT, OW and VW in terms of
trigonometric functions of the angle 6.

Possible support
Draw a large copy of the diagram and ask the learner to mark in all the angles. Then draw attention to each
right angled triangle one by one (perhaps outlining them in different colours) and ask the learner to work
out the lengths of the sides of the triangle.



Solution to extension activity
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FURTHER STUDY MATERIAL

Three articles on the History of Trigonometry by Leo Rogers from the NRICH website where you will find Teachers’
Notes giving suggestions for using the material in your teaching.

www.nrich.maths.org/6843 and www.nrich.maths.org/6853 and www.nrich.maths.org/6908

Trigonometry is needed in navigation including GPS systems, in surveying, architecture, engineering, physics,
computer science, mathematic and astronomy. In these applications we work with obtuse angles and trigonometric
functions of angles of all values, measured in radians.

Trigonometry first arose in work on astronomy and the study of the rotations of the sun, moon,
planets and constellations across the sky in which spherical triangles are as important as plane
triangles. Trigonometry has been used for astronomical calculations for thousands of years. The
study of astronomy and related mathematics goes back to the Babylonian, Egyptian, Greek,
Chinese, Indian and Arab cultures. The shadow stick (gnomon) was used in sun dials to study the
motion of the sun and to tell the time and also to draw right angles.

All over the world ancient civilisations built large standing circles of stones or
wooden posts precisely positioned for making accurate observations of the
movement of the sun, moon and planets and predicting astronomical events such as
lunar cycles and eclipses.

The photo shows a stone circle in Senegal.

From about 1900 BC the Baylonians worked in a base 60 place value number system that is the origin of our
measures of time (60 minutes in an hour etc.) and our measures of angles. The Greek mathematician Hipparchus in
140 BC compiled the first known table of values of the sine function (a table of chords).

The Arab mathematician Abul Wafa (940-998 AD) was the first to study trigonometric identities systematically. More
efficient astronomical calculations could be made, and more accurate tables could be established, using
trigonometric identities. Abul Wafa brought together and established the relations between the six fundamental
trigonometric functions for the first time. He also used R=1 for the radius of the basic circle.

The words sine, cosine, tangent, secant and cosecant derive from Greek words for the lengths as shown in the
diagrams.

Note: The Grades or School Years specified on the AIMING HIGH Website correspond to Grades 4 to 12 in South Africa and the
USA, to Years 4 to 12 in the UK and up to Secondary 5 in East Africa.
Note: The mathematics taught in Year 13 (UK) and Secondary 6 (East Africa) is not included in the school curriculum for Grade 12 SA.

Lower Primary Upper Primary Lower Secondary Upper Secondary

or Foundation Phase

Age5to9 Age9to11 Age 11 to 14 Age 15+
South Africa | GradesRand 1to 3 Grades 4 to 6 Grades 7 to 9 Grades 10 to 12
USA Kindergarten and G1to3 | Grades4 to 6 Grades 7 to 9 Grades 10 to 12
UK Reception and Years 1 to 3| Years 4 to 6 Years 7to 9 Years 10 to 13
East Africa Nursery and Primary 1 to 3| Primary 4 to 6 Secondary 1 to 3 Secondary 4 to 6




